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In this paper we prove a general Poincare]Birkhoff]Witt theorem for quadraticÂ
Koszul algebras. The result is similar to that obtained by Polischuk and Positselsky,
but the proof is entirely different and uses algebraic deformation theory. In
particular, we obtain a new proof of the classical PBW-theorem for Lie algebras,
based on deformation theory. Q 1996 Academic Press, Inc.
0. INTRODUCTION
0.1. Homogeneous Quadratic Algebras. Let V be a vector space over a
 . ifield k and let T V s [T be its tensor algebra over k. Let us fix a
2  .  .subspace R ; T s V m V, consider the two-sided ideal J R in T V
 .  .  .generated by R, and denote by Q V, R the quotient algebra T V rJ R .
 .This is what is known as a homogeneous quadratic algebra.
0.2. Nonhomogeneous Quadratic Algebras. In a similar way we define
nonhomogeneous quadratic algebras, the main objects of our study. They are
filtered analogs of graded homogeneous quadratic algebras.
i .  j < 4  .Consider the natural filtration F T s [T j F i of T V . Fix a
2 .  .subspace P ; F T s k [ V [ V m V , and let us consider the two-sided
 .  .  .ideal J P in T V generated by P and denote by Q V, P the quotient
 .  .  .algebra T V rJ P . The algebra Q V, P will be called a nonhomogeneous
quadratic algebra.
 .0.3. Let U s Q V, P be a nonhomogeneous quadratic algebra. It inher-
 .its a filtration U ; U ; ??? ; U ??? from T V . We will describe the0 1 n
associated graded algebra gr U.
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2 .Consider the natural projection p : F T ª V m V on the homoge-
 .neous component, set R s p P , and consider the homogeneous quadratic
 .algebra A s Q V, R . We have the natural epimorphism p: A ª gr U.
 .DEFINITION. A nonhomogeneous quadratic algebra U s Q V, P , or,
2 .more precisely, the subspace P of F T , is of the Poincare]Birkhoff]WittÂ
 .  .PBW type if the natural projection p: A s Q V, R ª gr U is an isomor-
phism.
2 .0.4. LEMMA. Suppose that the subspace P ; F T is of PBW type. Then
it satisfies the following conditions:
 . 1 .I P l F T s 0;
 .  1 . 1 .. 2 .J F T ? P ? F T l F T s P.
The proof is straightforward.
 .0.5. THE MAIN THEOREM. Let U s Q V, P be a nonhomogeneous
 . 2 .quadratic algebra. Take R s p P ; T V and consider the corresponding
 .homogeneous quadratic algebra A s Q V, R .
 .  .  .Suppose A is a Koszul algebra see 3.4 . Then conditions I and J abo¨e
imply that the subspace P and hence the algebra U are of the PBW type.
The theorem will be proved in Section 4 by means of deformation
theory; in particular, it will provide a new proof of the classical PBW-
 2 .theorem. A slightly weaker version of the above result for P ; T V [
1 .. w xT V was proved by Polishchuk and Positselsky 7 by methods different
from ours.
 .  .0.6. EXAMPLE. If A s S V the symmetric algebra of V and P does
2 .not have the scalar component, then R is equal to L V , i.e., the space of
all antisymmetric 2-tensors more precisely, it is the space generated by all
.tensors of the form x m y y y m x; this is important when char k s 2 . In
this case P can be represented as a graph of some map a : L2V ª V. The
classical Pincare]Birkhoff]Witt theorem asserts then that P is of PBWÂ
type if and only if a satisfies the Jacobi identity. In Section 4 we will see
 .  .that this is equivalent to condition J which explains this abbreviation .
0.7. Contents. This paper is organized as follows: in Sections 1 and 2
we briefly explain the idea of our proof and review some basic facts
concerning deformations and cohomology of associative algebras. In Sec-
tion 3 we define Koszul algebras and reformulate the main problem in
terms of certain explicit identities which can be considered a generalized
.Jacobi identities and in Section 4 we prove the above theorem. Since we
use a somewhat nontraditional definition of Koszul algebras we prove its
equivalence with the usual one in the appendix, together with a review of
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some other basic properties of Koszul algebras. The reader is referred to
w x1 for a more detailed exposition of the subject.
1. PBW-THEOREM AND DEFORMATIONS
1.1. First, we will briefly explain the idea of the proof of the main
theorem. We start with the following simple observation. Suppose we are
given a k-algebra U with an increasing filtration U s D` U and let gr Uis0 i
be its associated graded algebra gr U s ` UrU . Then we can[ i iy1is0
always construct a family of associative filtered algebras over the affine
 w x.  w x.line Spec k t this family is an algebra over the ring k t such that its
fiber o¨er point t s 0 is isomorphic to gr U and its fiber o¨er any point
t s l / 0 is isomorphic to U. Namely, we define this algebra U as follows:
i < w x w xU s Su t u g U ; U m k t s U t . 4i i i k
 .The algebra U is usually called the Rees ring of U. The verification of
the property italicized is straightforward. One can immediately see that U
w x becomes a graded k t -algebra if we set deg t s 1. It is easy to see that in
the situation described above every fiber over t / 0 has a natural structure
.of a filtered algebra and not of a graded one since deg t s 1.
The idea of the proof of the theorem is to reverse this process, namely,
 . 2 .starting with a quadratic algebra A s Q V, R , where R ; T V and P
are as in the Introduction, to construct a family of filtered algebras over
 w x.  .Spec k t such that its fiber at t s 0 is Q V, R , and its fiber at t s 1 is
 .Q V, P and such that the corresponding associated graded family is
trivial. To do this rigorously we need the notion of a graded deformation.
 .1.2. Graded Deformations. Let A be a positively graded associative
algebra over a field k. By an ith le¨el graded deformation of A we will
w x w x iq1 w x w x iq1mean a graded k t rk t t -algebra A , which is free as a k t rk t t -i
 .module, together with an isomorphism of A rtA ( A. Here deg t s 1.i i
By a graded deformation A of A we mean a graded algebra over thet
w x  .polynomial ring k t remember that deg t s 1 , which is free as a module
over this ring, together with an isomorphism A rtA ( A.t t
 .1.3. Let E A denote the category of all graded deformations of A
w xwhere the morphisms are by definition isomorphisms of graded k t -
 .  .algebras by definition this category is a groupoid . Analogously let E Ai
denote the groupoid of all ith le¨el graded deformations of A. We denote by
 .  . iF the functor from E A to E A given by reduction modulo t . Thei iq1 i
following lemma is straightforward.
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LEMMA. Reductions modulo t i define an equi¨ alence between the category
 .  .E A and the in¨erse limit of the categories E A with respect to the functorsi
F .i
1.4. Graded deformations have the following property which explains
their importance for us: for every l g k the firer of A at l has a natural
 .structure of a filtered algebra and its associated graded algebra gr A isl
canonically isomorphic to the original algebra A.
How does one continue graded deformations from one level to another?
The following proposition answers this question.
 .1.5. PROPOSITION. a The set of isomorphism classes of objects of E1
2  .canonically identifies with H A, A .y1
 i .Here H A, A denotes the graded Hochschild cohomology of A with
 .coefficients in A see 2.1 and the subscript denotes the natural grading
.induced on these cohomology groups by the grading of A.
 .  .b Let A be an object of E A . Then the obstruction for its continua-i i
 . 3  .tion to the i q 1 st le¨el lies in H A, A .yiy1
 .  .c Let A be as in b . Then the set of isomorphism classes ofi
 .continuations of A to the i q 1 st le¨el has a natural structure of ani
2  .H A, A -homogeneous space.yiy1
The proof of this proposition will be sketched in the next section.
1.6. Remark. All definitions and statements of 1.2]1.5 are essentially
w xcontained in the classical work 2 of Gerstenhaber. Here we need a
w xslightly different version of 2 relevant for the graded situation.
2. COHOMOLOGY AND DEFORMATIONS
Here we review some facts concerning cohomology of associative alge-
bras and prove the proposition stated in the previous section.
2.1. Hochschild Cohomology. Let A be any associative k-algebra and
M any A-bimodule, i.e., left A m A8-module where A8 is the same algebra
.  .A with multiplication a ? b s ba . We will be interested in Ext A, M .Am A8
i . This cohomology can be computed using the resolution B A of A bar
.resolution
Bi A s A m T i A m A T i A s Ami .  .  . .
­ i a m a ??? m a m a .0 1 i iq1
i
ks y1 a m a m ??? m a a m ??? m a . .  . 0 1 k kq1 iq1
ks0
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 .One can easily verify that it gives a projective in fact, even free resolution
 i .of A as an A m A8-module B A has natural structure of a free left
.  i . .A m A8-module . It is obvious that Hom B A , M is the same asAm A8
 i . .Hom T A , M for any A-bimodule M. Hence, we see thatk
 . i .Ext A, M can be computed by means of the complex: C A, M sAm A8
 i . .Hom T A , M with the differential
iq1df a , . . . , a sa f a , . . . , a q y1 f a , . . . , a a .  .  .  .1 iq1 1 2 iq1 1 i iq1
i
k iq y1 f a , . . . , a a , . . . , a , for f g C A , M . .  .  . 1 k kq1 nq1
ks1
This cohomology is called the Hochschild cohomology of A with coeffi-
i .cients in M. We denote it by H A, M .
2.2. Graded Hochschild Cohomology. Let now A be a graded algebra
and let M be a graded A-bimodule. In this case we shall slightly modify
i . i .the above definition of H M . Namely, we set H M equal to
 .Ext A, M in the category of graded A-bimodules. This cohomologyAm A
v  . can be computed by means of the complex C A, M the subscript ``gr''gr
.means ``graded'' where
`
i iC s Hom T A , M . .[gr j
jsy`
 i . .and Hom T A , M is the set of all homogeneous maps of degree ofj
 . homogeneity j the differential is defined as in 2.1 . From now on except
.for Subsection 5.4 we shall deal only with graded algebras and mod-
ules, so ``Hochschild cohomology'' will always mean ``graded Hochschild
cohomology''.
 . 2.3. Proof of Proposition 1.5 a . When we identify A our first level1
.deformation with A [ A ? t, the multiplication in A is described by a
k-linear map f : A m A ª A, namely
a = b s ab q tf a, b deg f s y1 . .  . .
The associativity condition is rewritten in terms of f as:
f a, b c y f ab, c q f a, bc y af b , c s 0 for any a, b , c g A. .  .  .  .
In other words, f must be a Hochschild 2-cocycle. It is easy to check that
two infinitesimal deformations are isomorphic if and only if the corre-
sponding cocycles are cohomologous.
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 .2.4. Proof of Proposition 1.5 b . Suppose we have an nth level deforma-
w x w x nq1tion A . If we identify A with A m k t rk t t , then the multiplicationn n
in A is described in terms of a sequence of maps f : A m A ª A,n i
 . deg f s yi, i s 1, . . . , n the product of any two elements a and b of Ai
in A is defined byi
n
ia = b s ab q f a, b t . . i
is1
If f defines a continuation of A , then it satisfies:nq1 n
n
f f a, b , c y f a, f b , c .  . .  . i nyi i nyi
is1
s f a, bc y f ab, c q f a, b c y af b , c .  .  .  .nq1 nq1 nq1 nq1
for any a, b, c g A. In other words, f must have a prescribed cobound-nq1
ary, namely the left-hand side of the above formula, whose image in
cohomology is precisely the obstruction to the existence of a continuation
from the ith level to the next one it is not difficult to show that the above
.expression is always a cocycle .
 .  .2.5. Proof of Proposition 1.5 c . As in b , we see that we may vary fnq1
by a cocycle. It is also easy to verify that two continuations are isomorphic
if the corresponding f 's are cohomologous. This means that the secondnq1
cohomology group acts transitively on the set of isomorphism classes of
continuations.
3. KOSZUL ALGEBRAS AND CERTAIN IDENTITIES
3.1. Now let us return to quadratic algebras. Let V be a vector space
 .  .over k and let P ; V satisfy the conditions I and J of 0.2. Let R be the
projection of P to the second homogeneous component. Now we ask: Is
 .   ..the natural surjection from Q V, R to gr Q V, P an isomorphism? In
other words, under what conditions is P of PBW type?
In this section we shall reformulate this problem and define the class of
 .algebras Koszul algebras for which we can give a complete answer to the
above question.
 .  .3.2. As was remarked in the Introduction, conditions I and J are
necessary for P to be of PBW type. In fact, they only require the injectivity
 .  .of the map p: Q V, R ª gr Q V, P on the third term of the natural
increasing filtration arising from the grading. From now on we will assume
 .that all nonhomogeneous quadratic algebras we consider satisfy I . Then
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2 .the subspace P ; F V can be described in terms of two maps a : R ª V
  .  . < 4and b : R ª k as P s x y a x y b x x g R .
 .3.3. LEMMA. The condition J can be rewritten in terms of a and b in
the following way:
 .  .   .i Im a m id y id m a ; R this map is defined on R m V l
 ..V m R ;
 .  .  .ii a ( a m id y id m a s y b m id y id m b ;
 .  .iii b ( id m a y a m id ' 0.
 .Proof. Let x g R m V l V m R . Then by definition of a and b we
have
a m id x q b m id x y x g P ? T ; .  . 1
id m a x q id m b x y x g T ? P . .  . 1
 .Thus by J we have
a m id x y id m a x q b m id x y id m b x g P . .  .  .  .
This implies that
a m id x y id x m a x g R; .  .  .
a a m id x y id m a x s y b m id x y id m b x ; .  .  .  . . 
b a m id x y id m a x s 0. .  . .
 .  .  .Our main theorem asserts that conditions i , ii , and iii above enable
 .us to build a graded deformation of Q V, R such that its fiber at the point
 .t s 1 is canonically isomorphic, as a filtered algebra, to Q V, P , provided
 .Q V, R is a Koszul algebra. In view of Remark 1.4 this means that our
 .Q V, P is of PBW type.
 .3.4. DEFINITION. Let A s Q V, R be a quadratic algebra. We say that
i . qit is of Koszul type if H A, M s 0 for all i - yj and for every Z -gradedj
A-bimodule M.
 .3.5. EXAMPLE. Let V be a vector space. Denote by S V its symmetric
i  . .algebra with its usual grading. Then it is well known that H S V , M is a
i . i .subquotient of M m L V * , where the elements of L V * have degree yi
 w x.this is a generalization of Theorem 5.2 of 5 . One can find the proof in
 ..the appendix cf. the remark after Proposition A.2 . Thus, one can see
i  . .that H S V , M vanishes for i - yj, so the symmetric algebra is aj
Koszul algebra.
BRAVERMAN AND GAITSGORY322
3.6. Koszul Complex. There are several definitions of Koszul algebras.
Some of them and a proof of their equivalence are discussed in the
Appendix. Here we shall also need the following one.
Äv v .  .  .Let A s Q V, R . Define the following subcomplex K A of B A .
0 . 1 .Set K A s k, K A s V, and
iy2
i m j miyjy2 i iÄK A s V m R m V for i G 2; K A s A m K m A. .  .F
js0
i . i . i .We have a natural embedding of K A into T V , hence, into T A .
Äi i .Thus, we can regard K as an A m A8-submodule of B A . One can
Äv v .  .verify by a direct computation that K A forms a subcomplex of B A .
It is called the Koszul complex associated to A. This complex is not always
acyclic. However, the following is true:
Claim. A is a Koszul algebra if and only if
0 if i ) 0i vÄH K A s . .  A if i s 0.
Äv v .  .In other words, A is Koszul iff the map of complexes K A ª B A is
a quasi-isomorphism.
This claim will be proven in the Appendix.
3.7. Deformations of Koszul Algebras. In the proof of the main theorem
 .we shall need the following statement about functors F A for a Koszuli
algebra A.
PROPOSITION. Let A be a Koszul algebra. Then
 .  .  .  .i the functors F A : E A ª E A are monomorphic on iso-i iq1 i
morphism classes of objects;
 .  .ii the functors F A are epimorphic on isomorphism classes ofi
objects.
Proof. It follows from the definition of Koszul algebras that
2  .  .  .H A, A vanishes for i G 2. Hence Proposition 1.5 c implies i .yiy1
3  .  .Analogously, H A, A vanishes for i G 3, hence Proposition 1.5 byiy1
 .implies ii .
3.8. Remark. In fact, one can prove that under the conditions of 3.7
 .the functors F A are fully faithful for i G 2 and they are equivalences ofi
 .  .categories for i G 3. Hence, the categories E A and E A are alsoi
equivalent for i G 3.
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4. THE MAIN THEOREM
 .4.1. THEOREM. Let A s Q V, R be a Koszul algebra and let a : R ª V
 .  .  .and b : R ª k be linear maps that satisfy identities i , ii , and iii of 3.3.
Then there exists a graded deformation of A such that its fiber at the point
 .t s 1 is canonically isomorphic to U s Q V, P defined by means of a and
b.
4.2. Plan of the Proof. First we show in Subsection 4.3 that a map a
 .satisfying 3.3 i defines a first level graded deformation of A uniquely up
 .to an isomorphism. Next we show that a map b satisfying 3.3 ii defines a
continuation of this deformation to the second level again, uniquely up to
.  .an isomorphism . Then Condition 3.3 iii ensures that this deformation lies
in the image of the functor F , i.e., it can be continued to the third level.2
Thus Proposition 3.7 implies that it extends to some graded deformation of
A, which in fact in view of Remark 3.8 will be uniquely defined. Finally we
prove that this deformation satisfies the conditions of 4.1.
v v  .4.3. Extension to the First Le¨el. Set K s K A . Both a and b are
defined on R which is equal to K 2. Obviously, we may regard them as
Ä2A m A8-linear maps from K to A. We denote these maps also by a and
 . b. Then we see that condition i means that da s 0 i.e., a is a 2-cocycle
Äv ..in the complex Hom K , A . Thus, it defines a cohomology class inAm A8
2 .H A, A .
Let us prove that we can find a Hochschild 2-cocycle f such that1
Ä2<  .f s a and f is homogeneous of degree y1 . Let f be any HochschildK1 1 1
Ä2-cocycle which defines the same cohomology class as a . Then f y1
< 2a s dv for some Koszul 1-cochain v of degree y1. Next, we can findK
< 1a Hochschild 1-cochain v of degree y1 such that v9 s v. Define f toK 1
Äbe f y dv9. We set this f to be the first term of the deformation.1 1
 . 4.4. Extension to the Second Le¨el. Now, by ii db s a ( a m id y
.id m a in the Koszul complex. Let us prove that there exists a Hochschild
2-cochain f of degree y2 satisfying2
< 2df s f ( f m id y id m f and f s b . . K2 1 1 1 2
Ä Ä 2<We can find a Hochschild 2-cochain f such that f s b. Consider theK2 2
Ä  .  .cocycle g s df y f ( f m id y id m f . Then it follows from ii that g2 1 1 1
< 3is cohomologically trivial since g s 0. Hence, there exists a HochschildK
< 22-cochain m of degree y2 such that dm s g . Then m is a cocycle andK
 .one can find as in 4.2 a Hochschild 2-cocycle m9 of degree y2 whose
restriction to K 2 is equal to m. Now it is easy to see that if we define f to2
Äbe equal to f y m q m9, then it will satisfy the above identity.2
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4.5. Extension to the Third Le¨el. Let f be the second term of the2
deformation. The second obstruction is given by the cocycle
d s f ( f m id y id m f y f ( f m id y id m f . .  .1 2 2 2 1 1
 .One can easily verify that iii is equivalent to the vanishing of d on the
3 .Koszul complex and hence in H A, A . Therefore, we can continue our
deformation to the third level.
4.6. Now we see that Proposition 3.7 implies that our deformation
 .extends to some unique graded deformation of A.
ÄLet us now prove that the fiber U of this deformation at t s 1 is
Äisomorphic to U. We have a map of vector spaces w : V ª U, which by theÄ
Äconditions imposed on f and f gives rise to a map w : U ª U, since the1 2
multiplication in A is represented ast
`
ia = b s ab q f a, b t . . i
is1
Ä .We know that there is a canonical isomorphism between A and gr U .
Obviously, the composition map
p gr w ÄA ª gr U ª gr U ª A
is id . Thus p, being a surjection, is an isomorphism and w is anA
isomorphism too.
4.7. Remark. In fact, one can prove that the deformation that we have
 .constructed is actually isomorphic to the Rees ring of U see 1.1 .
5. EXAMPLES
 . 2 .5.1. The Classical PBW-Theorem. Let A s S V . Then R s L V .
Consider the case b ' 0. Then a straightforward computation shows that
 .heading ii of Lemma 3.3 is the Jacobi identity for a . Thus, V with the
bracket a becomes a Lie algebra and so 4.1 gives us another proof of the
classical PBW theorem.
5.2. The Supercase. Let V s V [ V be a superspace and A [0 1
 .  .S V m L V be its symmetric algebra. Suppose as in 5.1 that b ' 0.0 1
 .Then condition ii is the super-Jacobi identity for a . Thus, we see that a
  .  .defines a Lie superalgebra structure on V note that conditions i and ii
provide us with a definition of a Lie superalgebra over a field of any
.characteristic ; hence, 4.1 proves also the superversion of the PBW theo-
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rem the fact that A is a Koszul algebra follows, for example, from the
.Appendix .
 .  .5.3. Weyl and Clifford Algebras. Let A be either S V or L V and let
a be identically zero. Then the only restriction on b is b m id y id m b
 2 .s 0 that any map b : R ª k clearly satisfies in our case R is either S V
2 ..or L V . Hence, Theorem 4.1 proves also the PBW theorem for Weyl
and Clifford algebras.
5.4. The Standard Complex. We conclude this section with a general-
ization of the standard complex for Lie algebras to quadratic algebras of
 .PBW type. Let U s Q V, P be of PBW type and let the corresponding
homogeneous quadratic algebra be Koszul. Suppose that P ; T 2 [ T 1.
Äi .Then there exists a Koszul complex K U which gives a free resolution of
Äi iU in the category of U-bimodules. Let us define K to be U m K m U,
where the K i are as in 3.6 for the corresponding homogeneous quadratic
 .algebra. The condition a m id y id m a s 0 implies that the differential
Äi Äiy1of the bar-resolution of U maps K into K .
Äv .To prove that the differential is exact, it suffices to note that gr K is
canonically isomorphic to the Koszul complex of the corresponding homo-
geneous quadratic algebra. Since passage to the associated graded module
as a functor is faithful, the assertion follows.
As a corollary of this fact, we obtain, by tensoring with k, a free
resolution of k in the category of left U-modules. For example, in the case
 . when U s U g the universal enveloping algebra of g , where g is a Lie
.algebra , we obtain the standard complex of g.
APPENDIX
Here we present a brief review of some basic properties of Koszul
algebras.
A.1. Let A be a homogeneous quadratic algebra over a field k. We start
 w x. with the following traditional}cf. 1, 8 definition of Koszul algebras. In
what follows we will prove that it is equivalent to the definitions given in
.3.4 and 3.6. Let us view k as a left A-module.
i .DEFINITION. A quadratic algebra A is called Koszul if Ext k, k s 0j
 i . .for i / yj where Ext k, k is taken in the category of left A-modules .
Äv  .A.2. PROPOSITION. Let K A denote the Koszul complex introduced in
Section 3. The following conditions are equi¨ alent:
 .  .a A is a Koszul algebra in the sense of A.1 .
Äv .b K is a resolution of A in the category of A-bimodules.
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Äv .c K m k is a resolution of k in the category of left A-modules.A
 . i .d H A, M , where A is considered as an A-bimodule, ¨anishes forj
any Zq-graded A-bimodule M and i - yj.
 . i .e Ext k, N , where k is considered as a left A-module, ¨anishes forj
any Zq-graded A-module N and i - yj.
Remark. If one of the equivalent conditions of A.2 is satisfied, then
Äv w xK m k is the Koszul resolution of k in the sense of 8 . For the caseA
Äv .  .A s S V where V is a vector space over k , K m k is the standardA
 w x w x.Koszul complex cf. for example 4, Proposition 7.10A or 8 , so Condition
 .c is satisfied. Thus by the Proposition A.2 it implies Condition d for S V
which is precisely the statement which we needed in the Example 3.5.
A.3. In the proof of the above proposition we will need the following
general result.
LEMMA. Let P v s ` gr P v be a graded complex of graded A-[ iisy`
modules o¨er a Zq-graded k-algebra A with A s k. Suppose that these graded0
A-modules are free with homogeneous generators and with homogeneous of
degree 0 differentials and such that gr P v s 0 for i < 0. Suppose thati
Äv v vP s P m k is exact. Then P is exact.A
Proof. Let us denote by P v the subcomplex of P v , whose chain groupsi
P n are the subgroups of P n generated by elements of degree F i. Forj
each n, P n as an A-module is a direct sum P n s P n [ Qn where Qn is ani i i
A-submodule of P n, generated by the subset of the free homogeneous
n Äv v Ävgenerators of P of degrees greater than i. Let P s P m k. Then P isi i A i
Äv n Äva direct summand of P , since Q m k form a subcomplex of P . Hencei A
ÄvP is exact for each i.i
P v is the direct limit of P v , so it will be enough to prove that all P v arei i
exact. So, we are reduced to the case when the chain groups in P v are
generated by elements of degree F i.
Let us fix this i and proceed by the descending induction on j: j is the
v minimal m for which P is nonzero in degree m. This j is well-defined
v .since gr P is assumed to be zero for i < 0.i
For j s i q 1 the assertion is trivially satisfied, so we have to carry out
the inductive step.
Let the assertion be true for j q 1; let us prove that it is true for j. Let
P v be as before. Then P vrP v satisfies the inductive hypothesis, and P vj j j
Ävis exact since it is equal to P m A by the minimality of j. Hence thej k
assertion follows.
 .  .A.4. Proof of Proposition A.2. e « d : It follows from the fact that
i .  .H A, M in the category of A-bimodules is naturally isomorphic toj
i .  .Ext k, M in the category of left A-modules for every bimodule M.j
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 .  .  .  .Implications b « d , c « e follow immediately from exactness of
the Koszul complex.
 .  .b « c is easy, since we can tensor the Koszul resolution of A as
an A-bimodule by k and obtain the Koszul resolution of k as a left A-
module.
 .  .The implication c « b is a direct corollary of Lemma A.3.
 .  .Implication c « a is a consequence of the exactness of the Koszul
complex.
 .  . va « e : Let P be a minimal free graded resolution of k. Then one
i .  i . i .has Ext k, k s Hom P , k . In particular, Ext k, k s 0 for i - yjA j
i i .implies that P is trivial in degrees i - j, so Ext k, N vanishes for everyj
module N when i - yj.
 .  .In order to prove e « c we shall proceed by induction: let
A m K i ª A m K iy1 ª ??? ª A m V ª k
iq1 .be exact. Then we see that Ext k, N s 0 for any N and also thatj
Äi Äiy1 .j ) i q 1 implies that ker A m K ª A m K is generated by the ele-
ments of degree F i q 1, i.e, these generators lie in V m K i ; V miq1.
At the same time, they have to lie in R m V miy1. In other words, the
generators of this kernel lie in R m K iy2 l V m K iy1, so A m K iq1 is
surjectively mapped onto the kernel. This finishes the proof of the proposi-
tion.
 .A.5. The Dual Co Algebra. We conclude this appendix with a descrip-
 w x.tion of some properties of the dual algebra of a quadratic algebra see 6 .
 .Let us start with a homogeneous quadratic algebra Q V, R . Then we may
 . ` iconsider a graded subspace of T V , namely K . This subspace[ is0
 .admits a natural coalgebra structure, induced from that of T V .
Suppose now that V is finite dimensional. Then we may also consider a
dual object to this coalgebra, namely ` K i*. It has a natural algebra[ is0
structure and it is called the dual quadratic algebra to A and denoted by A!.
A.6. PROPOSITION. A is a Koszul algebra if and only if A! is; in this case
0 for i / yj
iExt k , k s .j ! A for i s j.i
Proof. It clearly suffices to prove the statement in one direction, since
 !.!A s A . Consider the Koszul complex for A in degree i:
A! * ª ??? ª A! * m A ª ??? ª A . .  .i iyk k i
It is exact by the assumption. When we dualize it with respect to k, we
!obtain the Koszul complex for A in degree i.
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